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CARDINAL REPRESENTATIONS
FOR CLOSURES AND PRECLOSURES

F. GALVIN, E. C. MILNER, AND M. POUZET

ABSTRACT. A cardinal representation of a preclosure ¢ on aset E is a family
& C P(E) such that for any set X C U« , ¢(X) = E holds if and only
if |X N A| = |A| for every A € & . We show, for example (Theorem 2.3)
that any topological closure has such a representation, but there are closures
which have no cardinal representation (Theorem 11.2). We prove that, if k is
finite and a closure has no independent set of size k + 1, then it has a cardinal
representation, & , of size || < k (Theorem 2.4). This result is used to give
a new proof of a theorem of D. Duffus and M. Pouzet [4] about gaps in a lattice
of finite breadth. We do not know if a closure which has no infinite independent
set necessarily has a cardinal representation, but we do prove this is so for the
special case of a closure on a countable set (Theorem 2.5). Even in this special
case, nothing can be said about the size of the cardinal representation; however,
if the closure is algebraic, then there is a finite cardinal representation (Theorem
2.6). These results do not hold for preclosures in general, but if a preclosure on
a countable set has no independent set of size kK + 1 (k finite), then it has a
cardinal representation & of size || < k (Theorem 2.7).

1. INTRODUCTION

We use standard set-theoretic notation. In particular, for a set X and a
cardinal x, we denote by [X]° (resp. [X]°, [XT¥¥) the set of all subsets
Y C X having cardinality |Y| = k (resp. < k, < k). As usual k" denotes
the cardinal successor of k.

A preclosure on a set E is a function ¢: P (F) — L(E) such that (i) ¢(J) =
& and (i) X C ¢(X) C ¢(Y) whenever X C Y C E. Thesubset X C E issaid
to be closed with respect to ¢ if ¢(X) = X. A closure on E is a preclosure
¢ which is idempotent, i.e., satisfies (iii) ¢(p(X)) = @(X) for every subset
X C E. A topological closure is a closure ¢ which satisfies the remaining
Kuratowski axiom (iv) ¢(XUY) = ¢(X)Ug@(Y) forall X,Y C E. We also
use the terminology of Cohn [2, p. 47] and say that a preclosure ¢ has character
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n (<) if p(X)=U{e(Y): Y € [X]Z"} for every subset X C E; also, we
say that ¢ has finite character or is algebraic if p(X)=U{p(Y):Y € [X]**}
for XCE.

Let ¢ be a preclosure on E. A subset X C E is independent (or ¢-
independent) if x ¢ ¢(X\{x}) for each element x € X ; thus, in particular,
the empty set, &, is independent. A subset X C E is dependent if it is not
independent. The independence number, ind(¢), of a preclosure ¢ is defined
as

ind(¢) = min{x : |X| < 1 + k for every p-independent set X C E }.

In the case when ind(¢) = kK < w, then k is the size of the largest independent
set. Asubset X C F is called a generating set for the preclosure ¢ if p(X)=E,
and we define the dimension of ¢ to be:

dim(¢) = min{|X|: ¢(X) = E}.

A preclosure ¢ of character 1 on a set E is determined by its values on
singletons and so we can associate with ¢ a directed graph ?q, on E in which
there is a directed edge (¥, x) from x to y (# x) if and only if y € p({x}).
Conversely, to any (loop-free) directed graph & , there corresponds a preclosure

¢ such that & = ?q, . In this case, ind(¢) is the smallest cardinal x such that

every subset X € [E]”" contains an edge of .?(0 , and dim(g) is the minimal

size of a covering set in % . In a similar way, corresponding to a closure, ¢,
of character 1, there is a quasi-order (a reflexive, transitive binary relation) < 0
such that x <, ¥ if and only if x € ¢({y}). In this case, the independent
subsets are the antichains, and the generating sets are the cofinal subsets, so
that ind(g) is the width of (E, 5(/,) and dim(g) is the cofinality cf((E, §¢)).
(Note also that the closures of character 1 can be characterized as the algebraic
topological closures.)

In this paper we are interested in the possibility of representing a family of
generating sets of a closure or preclosure in a certain uniform manner. The
following definition is suggested by the well-known elementary fact that, for
any linearly ordered set (E, <), there is a well-ordered cofinal subset 4 C E
such that a set B C A is cofinal in (F, <) if, and only if, |B| =|4].

Definition 1.1. A family of sets &/ C P (E) is called a cardinal representation
of the preclosure ¢ on E if, and only if, for any set X C (J& , we have

p(X)=E & |XNnA|=|4| forevery member 4 €.« .

Thus, by the above-mentioned fact, if ¢ is the closure of character 1 corre-
sponding to a linear order, it has a cardinal representation & of size |.%|=1.

There are other uniform ways of generating a family of sets apart from the
cardinal representations that we have chosen to consider. For example, call a
family &/ C P(E) a transversal representation for the preclosure ¢ on E if
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¢(U&) = E and, for every set X C|J& , we have
p(X)=E& XNA#D foreveryde .

However, this is not quite so interesting since, for any preclosure ¢, the set
& ={ACE:ANS # for every generating set S C E}, is easily seen to be
a transversal representation of ¢ . For cardinal representations the situation is
different. There are closures (in fact there is one of character 3 on a countable
set (see Theorem 11.2)) which do not have a cardinal representation, and so it
is of interest to know which ones do. Also, apart from giving rise to interesting
questions which we have been unable to settle, this notion of cardinal represen-
tation may be useful. This is illustrated in §7, where we use one of our main
theorems (Theorem 2.4), to provide a new proof of a result of D. Duffus and
M. Pouzet [4] concerning the gaps in a lattice of finite breadth.

2. RESULTS

We say that a directed graph or a quasi-order has a cardinal representation
if the corresponding preclosure or closure, as described in §1, has such a repre-
sentation. Our first result is about countable directed graphs.

Theorem 2.1. A countable directed graph with no infinite independent set has a
finite cardinal representation.

It is known that (see [8]) a quasi-ordered set (£, <) which is either countable
or contains no infinite antichain contains a cofinal subset E’ such that every
cofinal subset of E contains a cofinal isomorphic copy of E'. For general
partial orders, however, the cofinal subsets cannot be characterized so simply.
Since a cardinal representation of a quasi-ordered set gives some information
about cofinal subsets the next result (and also Theorem 2.1) provides some
motivation for our initial interest in the notion of cardinal representation. The
direct sum of disjoint quasi-orders (E,, <,) (i € I) is a quasi-order (E, <),

> =i

where E={E;:i€l} and <=U{<;iel}.

Theorem 2.2. (i) Any quasi-ordered set (E, <) has a cardinal representation,
&, of cardinality |5/ | < cf((E, <)).

(ii) A quasi-ordered set (E , <) has a finite cardinal representation if and only
if there is a cofinal subset of E which is the direct sum of a finite number of
chains.

After proving the above theorem about quasi-orders we then realized that,
even more generally, every topology has a cardinal representation. By a cardinal
representation of a topological space £ we mean a cardinal representation for
the corresponding closure ¢, where ¢(X) is the closure of X in this space.
A n-base for the topology is a collection, %, of nonempty open sets such
that every nonempty open set contains a member of % . We define n(E) =
min{|Z| : & is a m-base}; in other words n(E) = cf((J, D)), where I
is the set of nonempty open subsets of E. If (F, <) is a quasi-ordered set,
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then the corresponding closure ¢_ is topological and so we may regard E as
a topological space. Since the set { U,:x € A} is a n-base if 4 is cofinal in
E and U _={y € E:y > x}, it follows that n(E) = cf((E, <)). Thus the
following theorem is a generalization of Theorem 2.2(i).

Theorem 2.3. A topological space E has a cardinal representation & of size
|| < n(E).

One of our main results is the next theorem about closures having finitely
bounded independent sets. As we have already mentioned, this result will be
applied (in §7) to give an alternative proof of a theorem of D. Duffus and M.
Pouzet [4] about gaps in a lattice of finite breadth.

Theorem 2.4. Let ¢ be a closure with ind(¢) =k < w. Then ¢ has a cardinal
representation, & , such that || < k and for each A € &, |A| is either 1 or
a regular infinite cardinal.

We make a few remarks about Theorem 2.4.

Remark 1. From Theorem 2.4 we easily deduce (see Corollary 6.6) a result of
E. C. Milner and M. Pouzet [9] which states that: if the dimension, dim(¢), of
a closure ¢ is a singular infinite cardinal, then ind(p) > w.

Remark 2. A closure, ¢, may have cardinal representations of different sizes;
also, if &/ is a cardinal representation, A' C A € &/ and |4'| = |4, it does not
follow that ¢(A4') = ¢(A4). For example, suppose ¢ is the closure of character 2
defined on RxR by ¢({(x,,¥,), (x,, ¥,)}) = {(&, v) : u <max{x,, x,}, v <
max{y,, y,}}. Let A={(n, ):1<n<w}, B={(3,n):2<n<w}, C=
{(n,n):1<n<w}. Then {4, B} and {C} are both cardinal representations
for ¢ and ¢(A\{(1, 1)}) # ¢(4).

Remark 3. The finiteness of ind(¢) is an essential condition for Theorem 2.4.
Like Dilworth’s theorem [3] about the decomposition of a partially ordered
set into finitely many chains, this theorem fails badly when ind(¢) > w. For
example, consider the closure ¢ of character 1 defined on x x k*, where « is
any regular infinite cardinal, by ¢({(a, 8)}) ={(’, B'):d' <o and B’ < g}.
In this case, there is no infinite independent set, ind(¢) = w, but it can be
shown that there is no cardinal representation, % , of cardinality |%| < k (in
fact, there is no weak cardinal representation (see Definition 2.1) of size less
than k, although there is a cardinal representation of size x).

This last example shows that, if a closure ¢ has independence number
ind(¢) = w, then no bound can be placed upon the size of a cardinal rep-
resentation for w. We do not know if such a closure necessarily has a cardinal
representation.

Problem 1. Is there a closure ¢ with ind(¢) = w which has no cardinal repre-
sentation?

We can answer the above question for closures on a countable set.
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Theorem 2.5. If ¢ is a closure on w such that ind(¢) < w, then ¢ has a
cardinal representation.

Nothing can be said about the size of the cardinal representation whose ex-
istence is guaranteed by Theorem 2.5. We give an example (Theorem 11.1)
of a T)-topological closure, ¢, on w such that ind(¢) = @ and for which
there is no countable cardinal representation, and it is consistent that there is
no cardinal representation of size less than 2% (and pAIEN arbitrarily large).
The condition that ind(¢) < w is needed in Theorem 2.5. We give an exam-
ple (Theorem 11.2) of an algebraic closure of character 3 on @ which has no
cardinal representation at all (but there are infinite independent sets). Since, by
Theorem 2.2(i), a closure of character 1 always has a cardinal representation,
this leaves open a question about character 2 closures.

Problem 2. Is there a closure of character 2 which has no cardinal representation?
For algebraic closures, Theorem 2.5 can be improved.

Theorem 2.6. If ¢ is an algebraic closure on w and ind(p) < w, then ¢ has
a finite cardinal representation.

It is convenient to consider the following weakening of Definition 1.1.

Definition 2.1. If ¢ is a preclosure on E, then a family & C Z(E) is called a
weak cardinal representation of ¢ if, whenever X C |J& issuch that |XNA4|=
|A| for every member A € & , then X is a generating set, i.e. p(X)=E.

Of course, the set of singletons, [S]l , 18 trivially a weak cardinal represen-
tation of ¢ if S is a generating set. Consequently, a question of interest is
whether a closure of preclosure, ¢, has a weak cardinal representation, % , of
size || < dim(g). It is natural to ask if our Theorems 2.4, 2.5, and 2.6 about
closures have analogues for preclosures (possibly with the weaker conclusion
that there is a (nontrivial) weak cardinal representation).

Theorem 2.4 fails badly for preclosures. Z. Nagy and Z. Szentmikldssy [10]
have shown that, for any cardinal x¥ > w, there is a tournament (i.e., a complete
graph in which each edge is given an orientation) on a set of size (k*)* for
which there is no weak cardinal representation, % , of cardinality || < k.
(We originally asked if there is a tournament which has no finite weak cardinal
representation, and A. Hajnal gave an example which depended upon CH; the
construction in [10] does not use any additional set-theoretic hypothesis.) Of
course, a tournament corresponds to a preclosure of character 1 and indepen-
dence number 1. However, there is an analogue of Theorem 2.4 for preclosures
on a countable set.

Theorem 2.7. Let ¢ be a preclosure on @ such that ind(p) =k < w. Then ¢
has a cardinal representation, &/ , with || < k.

We do not know if there are analogues of Theorems 2.5 and 2.6 for preclo-
sures.
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Problem 3. Is there a preclosure, ¢, on @ such that ind(p) = w and ¢ has no
cardinal representation?

Problem 4. Is there an algebraic preclosure, ¢, on w such that ind(¢) = w and
@ has no (or no finite) cardinal representation?

Of course, by Theorem 2.1, we do know the answer to Problem 4 in the case
of preclosures of character 1.

We first proved Theorem 2.7 with the seemingly weaker conclusion that:
@ has a weak cardinal representation, & , of size || < k. The stronger
conclusion follows from this and the following slightly surprising result.

Theorem 2.8. Suppose that &/ = {A,, ..., A.} is a finite weak cardinal repre-
sentation of a preclosure ¢ such that |J&/ is countable. Then ¢ has a cardinal
representation /' = {A), ..., A} such that &' C U« and |4} < |4,
(1<i<k).

Corollary 2.9. A preclosure on w has a finite cardinal representation if and only
if it has a finite weak cardinal representation.

The condition in Theorem 2.8 that the members of &/ be countable sets
is essential. For example, consider the (topological) closure ¢ defined on the
real line R by setting ¢(X) = R if X has uncountable closure in the usual
topology on R (equivalently, if X contains a subset order isomorphic to the
set Q of all rational numbers), and ¢(X) = X otherwise. Clearly {4} is a
weak cardinal representation of size 1, where A is any uncountable set of real
numbers. On the other hand, it is easy to see that every cardinal representation
of ¢ has cardinality 2%, (Note that ¢ does have cardinal representations, e.g.
& ={Q\X : ¢(X) #R}.)

In general, the members of a cardinal representation or weak cardinal rep-

resentation of a preclosure are not disjoint from one another. However, in the
case when a preclosure has a finite (weak) cardinal representation, then it can
be shown that there is also such a representation in which the members are
pairwise disjoint.
Theorem 2.10. Suppose that &/ is a finite (weak) cardinal representation of a
preclosure. Then there are /' and an injective map f : &' — & such that
(i) &* is a (weak) cardinal representation whose members are pairwise disjoint,
and (ii) A’ C f(A') for each A' € &', and |A'| = |f(A)| whenever |f(A")| is
infinite.

3. FINITE CARDINAL REPRESENTATIONS; PROOFS OF THEOREMS 2.8 AND 2.10

Proof of Theorem 2.8. Let k < and let & ={4,,..., 4, } be a finite weak
cardinal representation of a preclosure ¢ on E with |J&| < w. With k
fixed, let W be the set of all sequences (B, ..., B,) such that {B,, ..., B}

is a weak cardinal representation of ¢ . The set W is quasi-ordered by the
rule: (B,...,B,) < (B,,...,B,) ifand only if BjU---UB, C B,U---U
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B, and |B,'.| < |B| for 1 < i < k. For (B,,...,B,) € W we define
W(B,,...,B)={(B,....B) € W:(B|,...,B,) < (B,,...,B)}. We
are given (4,,..., 4,) € W such that |4, U---U 4,| < w; we have to show
that, for some (A, ..., 4,) € W(4,,..., 4,), {4,,..., A} is a cardinal
representation of ¢ . Without loss of generality we may assume that

(3.1) thereisno (A,,..., A,) € W(A,, ..., A,) with |4} < |4,| for some i.
We will say that B, is inessential in (B,, ..., B,) if there is a set X C B,
such that |X| < |B,| and (X UU{B,;:j #i}) = E. Let iness(B,, ..., B,) =
|{i : B, is inessential in (B, ..., B,)}|. Clearly, if (B,,..., B,) € W and
iness(Bl ..., B,)=0,then {B,..., B} is a cardinal representation of ¢ .
"Ne may assume

there isno (A, ..., A) € W(A,, ..., A) with

(3.2) . , o
iness(4,, ..., 4,) <iness(4,, ..., 4;).

In particular, if (4], ..., 4;) € W and 4, C 4, for 1 <i<k,andif A4; is

inessential in (4, , ..., 4,), then A; is inessential in (4], ..., 4,).

We will finish the proof by showing that iness(4,, ..., 4,) = 0. Assume the
contrary; without loss of generality, we may suppose that A4, is inessential in
(A, ..., A,). We may also assume that 4,,..., 4, are (countably) infinite
and that 4, ..., 4, arefinite. Let F =4, ,U---U4,.

Case 1. A, is finite. Given any x € 4, and any infinite sets B, C 4, (2<i<
r), there must be infinite sets B; C B, (2<i<r) such that

9((A\{x))UB,U---UB UF) # E;
otherwise we would have
(A\{x},B,,...,B,, 4 LA)EW(A, ..., A)

and |4,\{x}| <|4,], contradicting (3.1). Hence there are infinite sets C; C 4,
(2<i<r) suchthat p((4,\{x})UC,U---UC UF) # E forevery x € 4, . But
then A, is not inessential in (4,,C,,...,C,, 4 , 4;) , contradicting
(3.2).

Case 2. A, is infinite. Let 4, = {x] : n < w}. For any finite set X C
A U---UA, and any infinite sets B, C 4, (2 < i <r) there must be infinite
sets B C B, (2<i<r),suchthat p(XUB,U---UB/UF) # E; otherwise,
we would have (X, B,,...,B,, 4, ,...,4,)€ W(4,,...,4,) and |X| <
|4,|, contradicting (3.1). Choose elements x? €A, (2<i<r)andlet X 0=
{x? : 1 <i < r}. By the preceding remark, we can choose infinite sets A? C A4,
(2<i<r)sothat p(X°UAJU---UA°UF) # E. Nowlet 0 < n < w

and suppose that, for 2 < i < r, elements x?, e x{'—' € A; and infinite

SRR

relo

sets A:'_' C..-C A? C A, have already been chosen. Choose elements x; €
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n—1 0 -1 . i . . .
A7\ {x;,, ..., x/ 7} (2<i<r)andlet X"={x/:0<j<n,1<i<r}.

i i

Then choose infinite sets A;’ C A;"l (2 <i<r) sothat
p(X"UAyU---UA UF) #E.

Finally, let C; = {x;' :n<w} (2<i<r). Then C,; is an infinite subset

of 4,, and so we have (4,,C,,...,C,, Aysonns 4) € WA, ..., 4)).
By the construction, for each n < w we have {x?, cee xf'} uC,u---UC, C
X"udju---ud’, andso p({x), ..., x}JUC,U---UC,UF) # E . But then 4,
is not inessential in (4,, C,,...,C,, 4, ,, ..., 4;), contradicting (3.2). O

Proof of Theorem 2.10. Let & be a finite (weak) cardinal representation of a
preclosure and let &) = {4 € & : A finite}, & = &\ . We may assume that
any member of %, is disjoint from any other member of &/ . Let % be a finite
family of pairwise disjoint subsets of |J#/ such that 4 =J{B € & : B C 4}
foreach 4 € &/ (e.g. let & be the set of all atoms in the subalgebra generated
by & in the Boolean algebra of all subsets of |J.#/). Choose a minimal family
B, CHF such that

(3.3) (VA€ )3B€F) (BC Aand |B|=|4]).

Then, for each A" € &' = & UB,, there is 4 = f(4) € & such that
A" ' C A and |4'| = |4] and f(4) # f(A") if A # A". The members of
&' are pairwise disjoint, and we have only to show that it is a (weak) cardinal
representation.

Considerany set X C %' Cc U . If |[XnA'| = |A'| foreveryset A’ € &/,
then, by (3.3), |XNA| =|A4| forevery A € &/ , and hence X is a generating set.
Thus & is a weak cardinal representation. Now suppose that ./ is a cardinal
representation and that X C |J.%  is a generating set. Then |X N 4| = |4| for
each 4 € & and it follows that (3.3) holds with %, replaced by gﬁ’zl ={B ¢
%, :|X N B| = |B|}. By the minimality of %, it follows that B, = B, , and
hence that .2/’ is also a cardinal representation. O

4. COUNTABLE DIRECTED GRAPHS. PROOF OF THEOREM 2.1

In this section we prove Theorem 2.1 that a countable directed graph with no
infinite independent set has a finite cardinal representation. Our original proof
of this result was rather more complicated than the one presented here which
uses a special case (Lemma 4.1) of a theorem of S. Todorcevi¢ [11].

Let & = (E, &) be a directed graph with edge set & C ExE. For X CF,
we define £(X)=XU{y € E: (y,x) € & forsome x € X}. We say that
aset X C E is finitely compatible if, for every finite set F C X, there is an
element x € E such that F C Z({x}); aset X C E is directed if it satisfies
the stronger condition that, for every finite set F C X, there is x € X such
that F C Z({x}).
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Lemma 4.1. If the directed graph & = (E, &) has no infinite independent set,
then E is a finite union of directed sets.

Proof. Suppose for a contradiction that E = E; is not a finite union of directed
sets. Let n < w and suppose that we have already chosen x; € E (i <n) and
E, C E so that E, is not a finite union of directed sets. Then there is a
finite set X C E, such that X ¢ Z({y}) holds for every y € E,. Hence
E,=U{E, ,:x€ X}, where E, ={yekE, :x¢Z({y}}. If for each
Xx € X the set Envx\? ({x}) is a finite union of directed sets, then so also is
E, . Therefore, for some x = x, € X, E , = E, \&({x}) is not a finite
union of directed sets. This defines x, (n < w) so that {x, : n < w} is an
infinite independent set. 0O

Theorem 2.1 is an immediate consequence of Theorem 2.8, Lemma 4.1, and
the following fact.

Lemma 4.2. For a countable directed graph & = (E, &) and a positive integer
n, the following statements are equivalent:

(i) E is a union of n finitely compatible sets,

(i) & has a weak cardinal representation & such that || < n and each

finite member of & is a singleton.

Proof. Suppose that (i) holds and w = E = |J{E, : i < n}, where each E,
(i < n) is finitely compatible. Then there are elements x, , € E (i<n;k € )
such that E,n{0, 1,...,k} C&({x; ,}). Put 4, ={x, , k€ w} (i<n).
If A, is finite, then x; , = x; for infinitely many k and so E; C ({x;}); in
this case we may assume that 4, = {x,}. If 4, is infinite, then E, C z (A;) for
any infinite set A;. C A, . It follows that &/ = {4, : i < n} is a weak cardinal
representation satisfying (ii).

Next, assume that (i) holds. For 4 € & let E, = ({&(4): A C 4 and
|A'| = |A|]}. We claim that E = |J{E, : 4 € &} and that E, (4 € &)
is finitely compatible. Suppose for a contradiction that there is an element
x € E\\UH{E,: A€ %}. Then, for each 4 € &/, there is A" C A such that
|A4'| =|A4| and x ¢ £(4’). But this is a contradiction since

E=?(U{A':Ae%}) = J{(g4):aex}.

Thus E is the union of the sets £, (4 € &). Now suppose that there is
A € & such that E, is not finitely compatible. Then A is infinite and there
is a finite set F C E, such that F ¢ Z({x}) for every x € E. It follows
that there is some p € F such that 4' = {x € 4: p ¢ £({x})} has the same
cardinality as 4. This is a contradiction since pe FCE, C % (4. o

From Lemma 4.2 and Theorem 2.8 we obtain the following corollaries.

Corollary 4.3. Let & = (E, &) be a countable directed graph, and let n < w. If
E is the union of n finitely compatible sets, then & has a cardinal representation
& of size || <n.
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Corollary 4.4. A countable directed graph & = (E, &) has a finite cardinal
representation if and only if E is a finite union of finitely compatible sets.

We can say a little more concerning these corollaries. Let & = (E, &) be a
countable directed graph, and let n < w. Consider the following statements:

(a) ¥ has a cardinal representation %/ such that |&/| < n and each finite
member of &7 is a singleton.

(b) & has a weak cardinal representation % such that |%&/| < n and each
finite member of & is a singleton.

(b") E is the union of n finitely compatible sets.

(¢) & has a weak cardinal representation ./ such that |[&/| < n.

(¢') Z has a cardinal representation % such that || < n.

Then the following implications hold:
(a) = (b) & (b) = (c) & ().

The implications (a) = (b) = (c) are trivial; (b) & (b') by Lemma 4.2;
and (c) & (c) by Theorem 2.8. However, for n > 0 there are no other
implications. To see that (c) does not imply (b), consider the graph & when
|E|=n+1 and & = J. To see that (b) does not imply (a), choose a surjection
f:w\{0,1,...,n—1} — [w]" such that f(y) C {0, 1,...,y — 1} and
consider the graph & = (E, &) with E=w and & = {(y,x) :y < x or
x & f(»)}. Clearly, for X C w,onehas &£(X)=E & |X|>n. {w} isa weak
cardinal representation for & (and w is a directed set), but £ has no cardinal
representation of size < n such that each finite member is a singleton. In fact,
a family &/ C P(E) is a cardinal representation if and only if |J&|=n+1.

5. QUASI-ORDERS AND TOPOLOGIES. PROOFS OF THEOREMS 2.2 AND 2.3

We already observed in §2 that part (i) of Theorem 2.2 is a special case of
Theorem 2.3, and so we begin this section with a proof of this result about
topological closures.

For the convenience of the reader we repeat here the definitions already stated
in §2. A m-base of a topological space E is a set, %, of nonempty open
subsets of E such that every nonempty open set contains a member of &% ,
and n(E) = min{|%|: F is a n-base of E}.

The density of the space E is d(E) = min{|X| : X is dense in E}. A
subspace E' C E is uniformly dense if d(E") = |E'| for every nonempty
(relatively) open subset E” C E'. We say that E is the direct sum of subspaces
E. (iel) ifthe E, (i €l) are pairwise disjoint open subsets with union E.

1

Lemma 5.1. A topological space E contains a dense subset which is a direct sum
of uniformly dense subspaces.

Proof. Let & denote the set of all nonempty open subsets B C E with the
property that every nonempty open subset of B has the same density as B.
Let %, be a maximal subfamily of pairwise disjoint members of % . Then &
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is a n-base and |J.&Z, is dense in E . For each B € %, choose a dense subset
Y, of cardinality |Y,| =d(B). Then Y =J{Y,: B € %,} isdense in E and
is the direct sum of the Y, , and each Y, is uniformly dense. O

Proof of Theorem 2.3. Let E be a topological space. By Lemma 5.1 there
is a dense subset Y which is a direct sum of uniformly dense subspaces Y,
(i € I). For each i, let &/ be a n-base for Y, of size n(Y,). We claim that
& = |J{# : i € I} is a cardinal representation. Let X C U« C Y. If X is
dense in E, then, for each i, X isdensein Y, and hence [XNA4|=|Y,| = ||
for each 4 € & . On the other hand, if |[X N A|=|4]| (#0) foreach 4€.%,
then X is dense in each Y, and so X is dense in E. Thus & is a cardinal
fepresentation and || =Y {|#|: i€} =Y {n(Y):i€l}=n(Y) < n(E),

since Y isdensein E. O

We shall now prove part (ii) of Theorem 2.2. Let (E, <) be a quasi-ordered
set. The quasi-order induced on a subset E' C E will be denoted by (E', <)
instead of the more formally correct (E', (E' x E')n<). For A C E and
x € E,wedefine A(Kx)={a€Ad:a<x}, A>x)={aeAd:a>x};also
we define 4 = U{E(La):ac A}.

Part (ii) of Theorem 2.2 is the equivalence (a) < (d) of the following result.

Theorem 5.2. For any quasi-ordered set (E, <), the following statements are
equivalent:

(a) (E, <) has a finite cardinal representation;
(b) (E, <) has a finite weak cardinal representation,
(c) E contains a cofinal subset which is a union of a finite number of chains
(i.e. a cofinal subset of finite width);
(d) E contains a cofinal subset which is the direct sum of a finite number of
chains.
Proof. (a) = (b) Obvious.

(¢c) = (d) Let C, ..., C, be chains whose union is cofinal in E; we may
assume that »n is as small as possible. By the minimality of » it follows that,
for each i (1 <i<n),thereis x; € C,.\U{CA’J.:j #i}.Let C/=C, (>x,).
Then the set E' = C;U---UC, is cofinal in E and is a direct sum of the chains
C, (1<i<n).

(d) = (a) Suppose that E contains a cofinal subset which is a direct sum of
chains C; (i € I). Let A4, be a cofinal subset of the chain (C,, <) of order
type cf((C;, <)) (i €I). Then & = {4, :i € I} is a cardinal representation
of (E, <) which is finite if I is finite.

(b) = (c) This is an immediate consequence of the following two lemmas.

Lemma 5.3. If the quasi-ordered set (E, <) has a finite weak cardinal represen-
tation, then it has a finite weak cardinal representation &/ such that, for each
Ae s, every subset A' C A having the same cardinality as A is cofinal in A.

Proof. Let {4,,..., A } be a finite weak cardinal representation for (E, <).
1 n
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We may assume that n is minimal. For 1 <i<n,let B, = ﬂ{)A( X C A4,
| X| = 14,1}

Suppose that there is an element x € E\(B, U---U B,). Then, for each i
(1 <i < n), there is a set X, C A4, such that |X,| = |4,| and x ¢ /\A’i. Then
x ¢ X, where X = X,U---UX, , and this is a contradiction since |[XNA4,| = |4,]
(1<i<n)and {4,,...,4,} is a weak cardinal representation for (E, <).
Hence B, U---UB, =F.

We claim that

(5.1) |4,NB;| < |4, fori#;.

Indeed, suppose that i # j and that |[4,NB j| = |4,| . We obtain a contradiction

by showing that {4, : 1 < k < n, k # i} is a weak cardinal representation.

Let X C E and suppose that |[X N 4,| = |4,| for 1 <k <n and k # i. Then

Y 2 B, where Y = XN A, andso [XnAl>|YNn4l>|BNnA4|=]|4]

Therefore X is cofinal in (E, <) and hence so also is X . This proves (5.1).
We claim also that

(5.2) |4, B| =14, for1<i<n.

If A4, is infinite this follows from (5.1) since B, U---UB, = E; if A4, is finite,
then B, = A4, 2 A, and hence |4, N B,| = [4,].

It follows from (5.2) that {4, N B,, ..., 4,NB,} is a weak cardinal repre-
sentation for (E, <). Moreover, if 1 <i<n and 4; C 4,N B, is such that
|4]| = |4,n B =|4,|, then 4,2 B, and so A4, is cofinal in 4,NB,. O

i =
Lemma 5.4. Let (A, <) be a quasi-ordered set with |A| = k > w. If every subset
of A of cardinality x is cofinal in A, then A contains a cofinal chain.

Proof. The hypothesis of the lemma implies that |X| < x for any antichain
X C A (since the removal of an element from X results in a subset which is
not cofinal in A). If |A(< a)| = k for some a € A, then {a} is a cofinal
chain. Therefore, we may assume that |A(< x)| <k forevery x € 4.

Note first that, for any cardinal u < k, there is some element b € A such
that |4(< b)| > u. Otherwise, by a set-mapping theorem of A. Hajnal [6], there
is an antichain of size k¥ in A, and this is a contradiction.

We claim that there is a subset B C A of cardinality cfx such that every
subset of B with cardinality cfx is cofinal in 4. If x is regular, the claim
holds with B = 4. Suppose that x is a singular cardinal. Choose cardinals
k, < k (a <cfk) such that k = sup{k_ :a < cfk}. By the above, for each
a < cfk, there is b € A such that [4(< b )| >k, . Put B={b :a<cfk}.
Then |B| = cfk, otherwise |A(< b )| = k for some «; also, if B' C B and
|B'| = cfk, then B’ is cofinal in A since it is cofinal in the set B’ which has
cardinality « .

We now choose elements x, € B (a < cfk) as follows. Let a < cfx and
suppose that x, has been chosen for f < a. Put Cp = {b€eB: xp £ b}.
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Evidently, C; is not cofinal in 4 and so |Cy| < cfx. Since cfk is regular,
it follows that there is x, € B\|{C 5 U {xﬂ} : B < a}. This defines a chain
C={x, :a<cfk} of size cfx in B which is therefore cofinal in 4. O

6. CLOSURES SATISFYING ind(¢) < kK < w. PROOF OF THEOREM 2.4

In this section we prove Theorem 2.4 that: if a closure ¢ on E is such that
ind(¢) < k < w, then ¢ has a cardinal representation, &/ , of size |¥| < k,
such that the cardinality of each member of & is either 1 or else a regular infinite
cardinal. :

Lemma 6.1. Let ¢ be a preclosure on E and suppose that ind(¢p) < w. Then,
forany set C C E, there are subsets B, F C C such that |B| = |C|, F is finite,
and ¢(B'UF) 2 B whenever B'C B and |B'| = |B).

Proof. Assume the contrary: there is a set C C E such that, whenever B, F C
C, |B| =|C|, and F is finite, there is a set B' = B'(B, F) C B with |B'| =
|B| = |C| and B ¢ ¢(B'UF). Then we can define an infinite sequence

By, B,, xy,B,,x,,..., B X

n+12 >n> "

by putting B, = C, B, = B'(Bn, {x9>---»Xx,_,}), and choosing x, €
B\o(B, , U{x,, x,_;}). Since {x;, : i # n} C B, _,U{x),...,x,_,}, it
follows that {x,, x,, x,, ...} is an infinite independent set, contradicting the
assumption that ind(¢) <w. O

For a closure ¢ on E and a subset 4 C E, we define a closure ¢, on
E\p(A) by setting ¢ ,(X) = p(AUX)\p(4) for X C E\p(A4); thus dim(p,) =
min{|X|: (X UA) =E}.

Lemma 6.2. Let ¢ be a closure on E and suppose that ind(p) < w. Let
A,D C E be such that p(AU D) = E and |D| = dim(p,) =1 > w. Let
K =cfA. Then there are sets F C D and B C D\p(AU F) such that:

(1) |Bl| =k and |F| < w;

(ii) |BN (AU X)| < k whenever X C D and |X| <k;

(iii) ¢(B'UF) 2 B whenever B'C B and |B'| = k.

Proof. Since |D| =4 and cfA =k, we can write D = J{D, : o < k}, where
|ID,| <4 and DagDﬂ fora<f<k.If XCD and |[X|<k,then X CD,
for some a < k.

Since |D,| < dim(p,) and ¢(4U D) = E, and since ¢ is a closure we
have ¢p(4uUD,) 2 D for each a < k. Choose ¢, € D\p(4UD,) and let
C={c,:a<k}. Then |C|=k,since CE¢ D, forall a<k.

By Lemma 6.1 there are sets B, F C C C D satisfying (i) and (iii); we show
that (ii) holds as well. Suppose X C D and |X| < k; then X C D for some
a < k. It follows that BNg(4UX)C Cne(AduD,))C {cﬁ : B <a},and so
IBNo(AUX)|<la|<k.
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Thus, we have sets B, F C D satisfying (i), (i1), and (111) It follows from
(i1) that |[BNg(AUF)| < k, whence |B\@(AUF)| =k . Let B= B\gp(AUF);
then B C D\¢p(AU F), and (i)-(iii) still hold with B replaced by B. 0O

Lemma 6.3. Let E # & and let ¢ be a closure on E such that ind(¢) < w.
Then there are sets A, B, F C E such that:

(x) F CE\p(A), BCE\¢p(AUF), |F| < w, and |B| is either 1 or else a
regular infinite cardinal;

(xx) p(AUB)=E;

(* % x) whenever A' C A and B'C B, we have p(A' UB'UF) 2 B & |B'| =
|B|.
Proof. For ACE and D C E\p(A), define

i(4, D) = max{|X|: X C D and X is ¢ ,-independent} ;
of course, i(4, D) <ind(p,) <ind(p) < w. Let
A=min{dim(p,): ACE, ¢(4) # E},

and let
h=min{i(4,D): ACE,DC E\p(4), p(AUD) = E, |D| =dim(p,) = 1}.

Choose 4 C E and D C E\¢(A) so that (AU D) =E, |D|=dim(p,) =4,
and i(4,D) = h. Clearly, if A < w, then A = 1 and we can simply take
B =D and F = &. Hence we may assume that 4 > w; let k = cfA. By
Lemma 6.2, there are sets F C D and B C D\p(A U F) satisfying conditions
(i)-(iii) of that lemma. Now (x) and (x * *) are easily verified; we will show
that (xx) also holds.

Suppose, on the contrary, that ¢(4U B) # E. Let A= AUB and D =
D\(/) (AUB). Since 4 C A, we have dim(¢p < dim(gp,) = 4; since ¢(4 ) #
, it follows by the minimality of A that dlm(go A) = 4. Since (/)(A u D)
(0(A)UD = (p(A)UD 2 AU D, we have (0(AUD) 2 ¢(A4UD) = E. Hence
|D| > dim(py) = 4; since |D| < |D| = 4, we have |D| = A. Now, since
ACE, DCE\p(d), p(AuD) =E, and |D| = dim(p) = 4, it follows by
the minimality of 4 that z(A D) > h. Choose a ¢ ; -independent set X C D
with |X|=h. Since X CD C D and |X|=h < w < K, it follows by (ii) that
|IBNp(AUX)| <k =|B|. Choose b € B\p(AUX) andlet Y = XU{b}. Since
AU{b}C A and b & p(AU X), it follows that Y isa ¢ -independent subset

of D;and |Y|=h+ 1 contradicting i(4,D)=h. O

We will call &/ a regular representation of ¢ if & is a cardinal represen-
tation of ¢ and the cardinality of each member of & is either 1 or a regular
infinite cardinal.

Lemma 6.4. Let ¢ be a closure on E such that ind(¢) < k < w. Then there is
a finite set F C E' such that ¢ ¢ has a regular representation &/ with |/ | < k.
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Proof. For k = 0 the result holds trivially. We now assume that £ > 0 and
use induction on k. Choose sets A, B, F C E as in Lemma 6.3. Put 4’ =
A\@(BUF) and define a closure ¢’ on A’ by setting ¢'(X) = p(XUBUF)NA'
for X ¢ A'. If X is a ¢'-independent subset of 4’ and if b € B, then
X U {b} is g-independent since ¢(4)N B = . Since B # O, it follows that
ind(¢') < k — 1. By the induction hypothesis there is a finite set F' C 4" such
that ¢}, has a regular representation &' with |#'| < k — 1. We will show
that & = &' U {B} is a cardinal representation of ¢;, where G = FUF "
since |B| is either 1 or a regular infinite cardinal, it will follow that &/ is a
regular representation.

Note that |J& C E\¢(G), since U’ C A'\¢'(F') C E\p(G) and B C
E\¢p(AUF) C E\p(G). Consider any set X C U« ; X = B'UY, where
B'=XnBand Y =X\B=XnJ&' C 4'\¢'(F'). By the definition of ¢,
the equation

(6.1) 9(X) = E\o(G)

means that ¢(GU X) = E. Since (A UBUF) = ¢p(4' Up(BUF)) =
p(AUpP(BUF))=9(AUBUF)=E, (6.1) is equivalent to

(6.2) 9(GUX)DB and ¢(GUX)DA.
If ¢(GUX) D B, then
9(GUX)=p(GUXUB)=9p(GUYUB)=9(F UYUBUF);
hence (6.2) is equivalent to
(6.3) 9(GUX)DB and ¢(FUYUBUF)2A'.
Since ¢'(F'UY)=¢@(F'UYUBUF)NA', (6.3) is equivalent to
(6.4) 9(GUX)2B and ¢ (FuY)=4,
which in turn is equivalent to
(6.5) p(GUX)2B and ¢ (Y)=A\p(F').

Since GUX = (F'UY)UB'UF , where F'UY C 4 and B’ C B, it follows by
(xx%) that 9(GUX) D B if and only if |B'| = |B|. From this and the fact that
&' is a cardinal representation of ¢, and Y C &', it follows that (6.5) is
equivalent to

(6.6) |B'|=|B| and |YNT|=|T| foreach T e .

Since B =XnNB and YNT =XNT for T € &', the equivalence of (6.1)
to (6.6) shows that ./ is a cardinal representation of ¢,. O

Proof of Theorem 2.4. Let ¢ be a closure on E and suppose that ind(¢) <
k < w. By Lemma 6.4 there is a minimal finite set F C E such that ¢, has
a regular representation &/ with |&/| < k. By Theorem 2.10, we may assume
that the members of &/ are pairwise disjoint. We want to show that F = .
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Suppose F # &, say x € F. Put F' = F\{x}. Because of the minimality
of F, &/ is not a cardinal representation of ¢, and so there is a set X C
& such that | X N 4| = |4| foreach 4 € &/, and x € o(F UX). It
follows that {XNA:A4 € }U{x} is a regular representation of ¢,., and so
|| = k. Since & is a cardinal representation of ¢, and since X C J&
and |X NA| = |4| >0 for each 4 € &/, it follows that X N4 Z ¢ (X\A);
choose x, € (X N A)\g(X\4) = (X N A)\o(F U (X\A4)) for each 4 € & .
Then, since the members of &/ are pairwise disjoint, {x}U{x,: 4€ ¥} isa
p-independent set of cardinality k + 1. This contradiction proves that F = &,
and the theorem follows. O

We conclude this section by deducing three corollaries from Theorem 2.4.
The first is a trivial self-strengthening of Theorem 2.4; the second is a result of
E. C. Milner and M. Pouzet [9].

Corollary 6.5. Let ¢ be a closure on E such that ind(¢p) <k <w. If E' CE
and ¢(E') = E, then ¢ has a regular representation % such that || < k
and Y& CE".

Proof. Apply Theorem 2.4 to the closure ¢’ on E’ defined by setting ¢'(X) =
p(X)NE for XCE'. O

Corollary 6.6 [9]. If ¢ is a closure on E and ind(¢) < w, then dim(¢) is
either finite, or else it is a regular infinite cardinal.

Proof. Choose E' C E so that ¢(E') = E and |E'| = dim(p). By Corollary
6.5, ¢ has a finite regular representation . such that J.& C E'; let X =
U& . Since ¢(X) =E and X C E', it follows that |X| = dim(p). Clearly
| X| is either finite or else a regular infinite cardinal. O

Corollary 6.7. Let ¢ be a closure on E such that ind(¢) < w, and let & be
any (finite or infinite) cardinal representation of ¢ . Then the cardinality of any
infinite member of &/ is a regular cardinal.

Proof. By Corollary 6.5, the closure ¢ has a finite regular representation % =
{B,, ..., B,} such that Y& C J& . Consider any 4 € & . For each i €
{1, ..., k}, choose B; C B, so that |B,'.| = |B,| and either |B;ﬂA| <1 orelse
BiCA.Let X=U{B:1<i<k}.Since XCUZ CU and 9(X)=E,
it follows that |X N 4| = |4|. Since 4| = |X NA| = |U{B,’- NA:1<i<k},
and since |B: N A| is either finite or a regular infinite cardinal for each i, the
same is true of |4|. O

7. AN APPLICATION TO POSETS OF FINITE BREADTH

Theorem 7.1 below, concerning the gaps in a partially ordered set, is a fairly
simple application of Theorem 2.4. This provides a new proof of a theorem of
D. Duffus and M. Pouzet [4, Corollary 7.2].

Let # = (P, <) be a partially ordered set. For X, Y C P, we write X <Y
if and only if x < y holds whenever x € X and y € Y. Also, for X C P,
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put X" ={y eP:X<{y}} and X~ ={y € P: {y} < X}. Thus, in
particular, we have @ = @~ = P. A gap in % is a pair (4, B) of subsets
of P suchthat 4 < B and A" NB™ = & (i.., there is no element x € P
such that 4 < {x} < B). A subgap of (A4, B) isagap (4, B') with 4'C 4
and B’ C B. The gap (A4, B) is irreducible if |A'| = |4| and |B'| = |B| for
every subgap (4', B'). A gap (4, B) is called regular if |4| and |B| are both
regular infinite cardinals or if one of them is a regular infinite cardinal and the
other is 0.

We define the breadth of a partially ordered set & = (P, <) to be b(F) =
sup{|X|: X C P and (VY CX)(Y # X = Y* # X")}. (This definition agrees,
for example, with that given in Birkhoff [1] for finite lattices.) The one-sidedness
of the definition is only apparent; we can replace Y* # X' by Y~ # X, so
that the dual partial order P = (P, >) has the same breadth as & . (Suppose
U < b(ZP). Then there is X C P such that |[X| > u and (X\{x})" # X" for
each x € X. Choose x’ € (X\{x})"\X* (xe X) andput X' = {x": x e X}.
Then |X'| = |X|>u and Y~ # (X')” for every proper subset ¥ C X', so that
u< b(@d) , etc.)

Theorem 7.1. Let (A, B) be a gap in the partially ordered set P of finite breadth
k. Then there are nonnegative integers m, n and pairwise disjoint subsets

A,...,A,CAand B, ..., B, CB such that.
(i) each |4, |BJ.| (1<i<m,!1<j<n) iseither 1 or a regular infinite
cardinal;

(i) for A" CUqcpmA; and B'C U, <, B},
ANA|=14, 1

(A, B)isagap & | , | =14l (
BB =8| (I

(i) m<k and n<k;
(iv) m,n<1 if L isa lattice.

Corollary 7.2 [4]. A gap in a lattice of finite breadth contains a regular, irreducible
subgap.

Proof of Theorem 7.1. For X C AU B define
p(X)=(XNnA)" n(XNB),
P(X) = ((w(X) NA)U((w(X) nB).

Then ¢ 1is a closure on 4 U B. (Remark: Our definition of a closure requires
that ¢(Q&) = @, but here ¢(3) = (P~ NA4)U(P" N B) may be nonempty, e.g. if
P has a least element which belongs to 4. However, without loss of generality
we can assume that the extremal elements of P, if they exist, do not belong to
AUB since (A\P~, B\P") is a subgap of (4, B).)

Note that, for X C AUB, (XNA, XNB) isagapifandonlyif w(X)=0.
If w(X)=,then ¢(X)= AUB. Also, if x € y(X) # O, then either 4 £ {x}
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or {x} £ B and, in either case, ¢(X) # AU B . Thus, for X C AU B, we have
(7.1) (XNA,XNnB)isagap & ¢(X)=AUB.

Since the breadth of & is k, it follows that, whenever Z C 4 and |Z| > k,
there is some z € Z such that (Z\{z})* = Z* and hence z € ¢(Z\{z}).
It follows that there is no ¢-independent subset of A of size k + 1; sim-
ilarly for B. Therefore ind(p) < 2k and so, by Theorem 2.4, there are
subsets 4,,...,4, € A, B,,...,B, C B such that m + n < 2k and
& ={4,,...,4,,B,,...,B,} is a cardinal representation for ¢ such that
(1) holds. By Theorem 2.10 we may assume that the members of &/ are pair-
wise disjoint. Also, (ii) is an immediate consequence of the equivalence (7.1)
and the fact that {4,,...,4,, B,, ..., B,} is a cardinal representation of ¢ .
By (ii), for each i (1 <i<m), (U,y 4,,U;B;) is not a gap, and so there is
y; € P such that U, 4, < {y;} < U, B;. Therefore, 4; £ {y;} and so there
is x; € A; such that x; £y,. Let X = {x,:1< i< m}; then |X|=m and
(X')* # X for each proper subset X' of X, and therefore m < k . Similarly,
n < k, and so (iii) holds.

It remains to prove (iv). Assume & is a lattice. Suppose m > 1. Then we
may assume that 4, A, are both nonempty. Since (U, 4,, U, B;) isnota
gap by (ii), it follows that there is x, € P such that U#l A; < {x} < U]. Bj.
Similarly, there is x, € P such that U,,, 4, < {x,} <U; B;. If x is the join
of x, and x, in the lattice, it follows that {J, 4; < {x} < U, B; and this is
a contradiction since (U, 4;, U ;B;) 1s a gap by (ii). Therefore, m < 1, and
similarly n < 1. O

8. PRECLOSURES ON @ AND A PROOF OF THEOREM 2.5

We begin this section by establishing some necessary conditions for a preclo-
sure to have a cardinal representation, which are also sufficient in the case of
preclosures on a denumerable set. For a preclosure ¢ on a set E, we define
the kernel of a set G C E to be the set ¢,(G) = {x € G : p(G\{x}) # ¢(G)}
(=M{X: X CG and ¢(X) =9(G)}).

Lemma 8.1. For a preclosure ¢ on E and subset G C E, the following state-
ments are equivalent:
Whenever tq,(G) CHCG and ¢(H) # ¢(G), then p(HUF) #
@(G) for every finite set F C G.
(8.2) £¢(H) = t¢(G) for every set HC G such that ¢(H) = ¢(G).
Proof. (8.1) = (8.2) Suppose (8.1) holds. Let H C G, ¢(H) = ¢(G), and
suppose that t¢(H) # E¢(G). Since H D tw(H) 2 Ew(G), there is some element
X € Ew(H)\Ew(G). Since p(H\{x}) # ¢(G) = ¢(H), it follows that E¢(G) ¢
H\{x} and this is a contradiction. Therefore (8.2) holds.

(8.2) = (8.1) Suppose that (8.2) holds. Let H C G, ¢(H) # ¢(G), and
suppose that ¢(H U F) = ¢(G) for some finite F C G. We can assume that F

(8.1)
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is minimal with this property. But then F C t¢(H UF)= E¢(G) and F ¢ H,
and so ¢t (G) ¢ H. Thus (8.1) holds. 0O

Theorem 8.2. If the preclosure ¢ has a cardinal representation then there is a
generating set G which satisfies the condition (8.2) (or 8.1).

Proof. Suppose that &/ is a cardinal representation of ¢ . We claim the gen-
erating set G = |J.& satisfies the condition (8.2). For this we need only
show that, whenever H C G is a generating set, then {3¢(H) C Ew(G). Let
X € E¢(H). Since ¢(H\{x}) # ¢(H), there is some 4 € & such that
[(H\{x})N A| < |A| = |[HN A4|. Thus A is a finite set containing the element
x . But then |(G\{x})N 4| < |4| and, since & is a cardinal representation, it
follows that x € E¢(G) . O

Theorem 8.3. The preclosure ¢ on w has a cardinal representation if and only
if there is a generating set G such that (8.2) holds.

Proof. The necessity follows from Theorem 8.2, we have only to prove the
sufficiency. Suppose that G is a generating set which satisfies (8.2). We will
show that

& ={ACG:(VX CG)(p(X)=w=|XNA|=|4])}

is a cardinal representation for ¢ . To see this, consider anyset Y C & C G.
If p(Y) = w, then obviously |Y N 4| = |4| for each 4 € &/ . Now suppose
conversely that |Y N A| = |A4| for each 4 € & . Then E¢(G) C Y since
{x} € & for each x € E¢(G). Suppose for a contradiction that ¢(Y) # w.
Then G\Y # & and so G\Y ¢ & (since |Y N (G\Y)| < |G\Y]|). Hence
there is X C G such that ¢(X) = w and |[X N(G\Y)| < |G\Y|. Therefore,
F = XN(G\Y) is finite. Now we have that ¢(Y UF) D ¢(X) = ¢(G), and this
contradicts (8.1) since Eq,(G) CYCG and ¢o(Y)#¢(G). O

We use Theorem 8.3 to prove Theorem 2.5.

Proof of Theorem 2.5. Suppose that ¢ is a closure on @ and that ¢ has no
cardinal representation. Then by Theorem 8.3, for any generating set G, there is
a generating set H such that E¢(G) C EQ(H ) C H C G, where C denotes strict
inclusion. It follows that there is a strictly decreasing sequence of generating sets
G, (n € w) such that K, = E,,,(G,,) is strictly increasing. Then K = |J{K,, :
n € w} is an infinite independent set since, for any x € K, ¢(G,\{x}) # @

for some n and so x & ¢(G,\{x}) 2 ¢(K\{x}) because ¢ is a closure. O

9. ALGEBRAIC CLOSURES ON @ WITH ind(¢) < @

In this section we give a proof of Theorem 2.6 and we also prove an easy
self-strengthening, Theorem 9.6. We need several preliminary lemmas. The
first lemma, Lemma 9.1, has an independent interest; the proof employs an
argument similar to one used by P. Erdos and A. Tarski in [5].
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Lemma 9.1. Let ¢ be a closure on E and suppose that ind(¢) < w. Then there
are finite sets F C E and &/ C P (E) such that (i) ¢(FUU% ) = E and (ii) for
each A€ &/ , and every finite set GO F, N(G,A)={X CA:9p(GUX) 2 A}
is an ideal in P(A).

Proof. For finite sets F C E and &/ C AP(E) let us say that a set B C E is
(F, % )-good if p(FUlU&) 2D B,and N(G, A) is an ideal in £ (A4) whenever
A€ and G is a finite set such that F C G C w. We say that B is good if
itis (F, & )-good for some F and & ; otherwise B is bad.

Claim. For every bad set B C E and every finite set F C w, there is a bad set
B'C B suchthat B¢ ¢(FUB').

Proof of claim. Since B is not (F, {B})-good, there is a finite set G such
that F C G C E and N(G, B) is not an ideal in &#(B). But & € N(G, B)
since B is not (G, &)-good; hence there are B,, B, € N(G, B) such that
B\UB, ¢ N(G, B). If, for i € {1, 2}, B, is (F;, %)-good, then B is (GUF,U
F,, &,U%,)-good (since ¢(GUF,UF,UlJ(¥ U%,)) 2 ¢(GUB,UB,) 2 B), which
is a contradiction. Therefore, B, is bad for some i € {1, 2},and B ¢ ¢(FUB,)
since B,€ N(G,B) and FCG. O

To prove the lemma, we need to show that E is good. Suppose E is bad.
Then by the above claim we can construct E, , x, (n < w) sothat E = E; D
E,2---2E D ,E, isbad,and x, € E \op({x;, ..., x,_}UE, ). Then
{x, : n < w} is an infinite independent set, which contradicts the hypothesis
that ind(¢) <w. O

We need some new definitions. As usual for a set X and a cardinal
we write [X] = {Y C X : |Y]| =k}, [X]¥ = {Y C X : |Y]| < k}. Let
& C [w]"”. We denote by . the set {X Cw: X DS for some S € .#}.
Also, for F C w, we define ¥ — F = {S\F : S € .} (where, as usual, 4\B
denotes {x € A: x ¢ B}). We will say that . blocks the set M C w if and
only if [M]” C .. In particular, . blocks any finite subset of w; also, if
& blocks M, then % blocks any set A C w such that A\ M is finite. For an
ordinal o, we say that % a-blocks M if, and only if,

EITHER (i)a=0and @¢€.%,
OR (ii) a > 0 and for all but finitely many elements x € M, there
is B = B(x) < a such that & — {x} B-blocks M.

The following statements are easy consequences of the above inductive defi-
nition of “a-blocks M .”

(9.1) IMCow, ¥ Clo]®, a<d, then
S a-blocks M = . o -blocks M.

(9.2) IfM, M Co, M\M|<w, & Clw]™, then
P a-blocks M = . a-blocks M.
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(93) IfM CMCwand &, Clo]"®, Zn[M* .S, then
P a-blocks M = . a-blocks M.

Lemma 9.2. For M C w and % C [0]™”, & blocks M & (3a < w,).% a-
blocks M .

Proof. (=) Suppose . blocks M and suppose for contradiction that . does
not a-block M forany a < w,. Then, @ ¢ % and, for 0 < a < w,, there is
x(a) € M such that . — {x(a)} does not f-block M for any f < a. There
is x, € M such that x(a) = x, for w, values of a and so & — {x,} does
not B-block M for any f < w,. Repeating this argument it follows that there
are distinct elements x, € M (n < w) such that & — {x,, ..., x,_,} does
not a-block M forany n < w and a < w,. Since & blocks M, there are
n<w and S € suchthat S C{x,,..., x,_,}. But this implies that & €
& —{xy, ..., x,_,} and we have the contradiction that & — {x;, ..., x,_,}
0-blocks M .

(<) We show by induction on o that, if . does not block M, then &
does not a-block M. For o =0 this is clear. Suppose « > 0. Since . does
not block M , there is an infinite set M’ C M such that M’ ¢ % . Therefore,
& — {x} does not block M for x e M " and so, by the induction hypothesis,
& does not a-block M. O

Note that, if ¢ is an algebraic preclosure on @, then
(9.4) ind(¢) < w < DEP(¢) blocks w,

where DEP(¢) = {X C w: X is finite and ¢-dependent}.

We shall write ¢ € FCR to abbreviate the assertion that the preclosure ¢
has a finite cardinal representation. Also, we write ¢ € AC, if ¢ is an algebraic
closure on w. Let P(a), Q(a), and R denote the following statements:

P(a): ¢ € AC and DEP(¢) a-blocks w = ¢ € FCR.

Q(a): ¢ € AC, DEP(¢) a-blocks v and {X Cw: ¢(X) # w} is an ideal
= ¢ € FCR.

R: ¢ € AC and ind(¢p) < w= ¢ € FCR.

We want to prove Theorem 2.6 which asserts that R is true. To this end notice
that, by Lemma 9.2 and (9.4), we have the equivalence:

(9.5) R & (Va < w))P(a).
We will use (9.5) and the following lemma to prove R.

Lemma 9.3. For any ordinal o < w,, P(a) & Q(a).

Proof. Clearly P(a) = Q(a), we have to prove the converse. We assume Q(a)
is true. Let ¢ € AC and suppose that DEP(¢) a-blocks w. By Lemma 9.2
and the equivalence (9.4), it follows that ind(¢) < w and so, by Lemma 9.1,
there are F € [w]® and & € [P(w)]™® such that o(FU|J%) = w and
N(F,A)={XCA:A¢ ¢(FUX)} is an ideal foreach 4 € &/ . For 4 € &,
let ¢, be the closure on A4 defined by ¢ ,(Y)=¢(YUF)NA (OG#Y CA).If
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A € & is finite, then obviously ¢ , € FCR. Suppose 4 € % is infinite. Then,
since DEP(p) N [4]” € DEP(p 4)» it follows by (9.3) that DEP(¢,) a-blocks
A and so ¢, € FCR by Q(a). Thus, for each 4 € &, the closure ¢, has
a finite cardinal representation. Since F and ./ are both finite, and since
p(FUU&) = w, it follows that there is a finite weak cardinal representation
of ¢. Hence ¢ € FCR by Theorem 2.8. O

We will say that an ideal ¥ C £ (w) is nice if there are sets & C [w]*”
(n < w) such that
(9.6) P\F =(¥,.
n<w

Lemma 9.4. If ¢ is an algebraic preclosure on w, andif ¥ ={X Cw:¢(X)#
w} is an ideal, then .7 is a nice ideal.

Proof. (9.6) holds with & = {F € [w]"”:n€¢(F)} (n€ew). O

Lemma 9.5. Let .# be a nice ideal on w and let G € & = P(w)\F . Suppose
that o < w, and that ¥ C [w]™® a-blocks G. Then, for any partition % =
FUS,, thereare i <2 and G' C G such that G' € & and &, a-blocks G'.
Proof. By induction on «. The case a = 0 is trivial, so assume o > 0.
Since 4, a-blocks any finite set, we may also assume that [G]°® € . Let
Gy={x€G:¥ ~{x} p-blocks G for some f < a}. Then G, € & since
G\G, is finite. For each x € G, choose B < a sothat —{x} B -blocks G.
Since .# is nice, we may write & =(),_, ?n , where & C [0]°° (n < w).
Pick H, C G, so that H, € &,. Since H, is finite, it follows from (9.2) and
|H,| applications of the induction hypothesis, that there is G, C G, such that
G, €% and

(Vx € Hy) (Z(x) — {x} B, -blocks G, for some i(x) < 2).

Continuing in this manner we find sets G, , H, (n < w) sothat G, 2 H, € & ,
G,2G,, €% and

(Vxe H)) (S”I.(X) — {x} B,-blocks G, , for some i(x) < 2).

n+l
Let H =,_, H,. Then G2 H €. Since H'\G, is finite for each n < w,
it follows from (9.2) that Z(X) - {x} B, -blocks H' for each x € H'. Write
H =HYUHY  where HY = {x € H' : i(x) = i}. Then, for i<2, HY ¢ G
and ., a-blocks HY . Finally, since .# is an ideal, there is some i < 2 such
that H) =G e&. 0

We are now ready to prove Theorem 2.6, that an algebraic closure with no
infinite independent set has a finite cardinal representation (i.e., R is true).

Proof of Theorem 2.6. By (9.5) it will suffice to prove that P(a) is true for
every a < w,. We do this by induction on «. The case a = 0 is vacuous
since & ¢ DEP(p). So assume that 0 < a < w, and that P(f) holds for
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every f < a. By Lemma 9.3 it is enough to prove Q(a). So, assume that
@ is an algebraic closure on w, that ¥ = DEP(p) a-blocks w, and that
S ={X Cw:¢(X)# w} is an ideal. We have to show that ¢ has a finite
cardinal representation or, by Theorem 2.8, that ¢ has a finite weak cardinal
representation. If ¢(F) = w for some finite set F , then clearly ¢ € FCR and
so we may assume that [w]"” C .7 .

Since & a-blocks w, there is a finite set F C w such that, for each n €
w\F , there is an ordinal B, < a such that & — {n} g, -blocks w. Write
K —{n} =%, U |, where &, (={Se€F —{n}:nge@S)}, & =
{SeF-{n}:nepS)}. Let ¥=P(w)\SF ={XCw:oX)=0w}.

Case 1. For some n € w\F, there is a set H € & such that &, , B,-blocks
H.

Define an algebraic /c\losure ¢ on H by setting ¢(X) = o(XU{n})NH
(@# X C H). Let ¥ = DEP(§) = {X € [H"” : X is ¢-dependent}. If
X e 5”,,’0 N[H]*”, then n ¢ ¢(X) and since X U {n} is p-dependent, there
is x € X such that x € p(X U {n}Ph\{x}) N H,ie, X € Z. Therefore, by
(9.3), 7 B,-blocks H . It follows by the induction hypothesis, P(8,), that ¢
has a finite cardinal representation, say & . Then & U {{n}} is a finite weak
cardinal representation of ¢ .

Case 2. For no n € w\F isthereaset H€ % such that &, , B,-blocks H .

Since .# is nice by Lemma 9.4, it follows from Lemma 9.5 that, for every
n € w\F and G € &, there is a set H C G such that H € & and 5’,1’1
B,-blocks H; and so .?n,l blocks H by Lemma 9.2. Therefore, there are
sets H, € & (n < w) such that Hy 2 H 2 --- and, for n € w\F, & |
blocks H, . Since each H, is infinite, there is an infinite set 4 C w such that
|A\H,| < @ forall n <w. It follows that ., | blocks 4 for every n € w\F
and so ¢(X) D w\F for every X € [4]°. Thus {4, F} is a weak cardinal
representation for ¢. O

We conclude this section by proving the following self-strengthening of The-
orem 2.6.

Theorem 9.6. Let ¢ be a closure on w. If every infinite subset of w contains a
finite @-dependent subset, then ¢ has a finite cardinal representation.

Proof. For X C w define ¢'(X) = U{p(Y) : Y € [X]°“}. Then ¢’ is an
algebraic closure on w, and ind(¢’) < w. By Theorem 2.6, ¢’ has a finite
cardinal representation. Since ¢'(X) C ¢(X) forall X C w, any weak cardinal
representation of ¢’ is also a weak cardinal representation of ¢. Hence ¢
has a finite weak cardinal representation and the result follows from Theorem
28. O

10. PRECLOSURES ON @ WITH ind(w) < @

The key idea that we use for the proof of Theorem 2.7 is contained in the
following lemma.




690 F. GALVIN, E. C. MILNER, AND M. POUZET

Lemma 10.1. Let ¢ be a preclosure on w such that dim(¢) = w. Then there is
an infinite set A C w such that (i) AN@(X) is finite for every finite set X C w,
and (i) if y e w, X € [w]*®, B € [A]”, and y ¢ (X U B), then there is a
finite set F C A such that y ¢ p(X U (A\F)).

Proof. Choose a, € w\p({i:i<n}U{a,:i<n}) (n<w). Then any infinite
subset, 4, of the infinite set 4™ = {a, : n < w} satisfies (i).

Let wx[w]™ ={(y,, X,):n <w}. Put By=A". Let n < w and suppose
that B, € [4"]° has already been defined. If there is an infinite set C C B,
such that Y, € 9(X, UC), then let B, | be such a C. If there is no such
C,put B, =B,. Then B, 2 B, 2 --- and we choose 4 € [47]” so that
|A\B,| < w forall n < w. We claim that (ii) holds. Forif (v, X) € wx[w]™*
B €[A4]”, and y € (X U B), then there is some n < @ such that (y, X) =
(¥,» X,) and then by the choice of B, , wehave y ¢ (X UB, ) and hence
y € (X U(A\F)) for some finite set F. O

n+l1

Proof of Theorem 2.7. Let ¢ be a preclosure on @ with ind(¢) =k < w. We
will prove, by induction on k, that ¢ has a cardinal representation, ./ , of
cardinality || < k.

If ¢(X) = w for some finite set X and X is minimal, then {X} is a
cardinal representation of ¢ (and |{X}| =1 < k). Therefore, we may assume
that ¢(X) # w for all X € [w]*” and so there is a set 4 € [w]“ such that (i)
and (ii) of Lemma 10.1 hold.

Let E, ={¢(B):B€[A]”}.If E, =w (asitisif k=1), then {4} isa
cardinal representation of ¢ . So we may assume that E, ;é w and that k > 1.
Now consider the preclosure ¢’ defined on @ by settlng (o ={¢(YUB):
B € [A4]”} for @ # Y C w. Suppose that X € [w] is ¢ -1ndependent. Then
x & ¢’ (X\{x}) for each x € X and so (since X\{x} # @) there is B_€[A]”
such that x ¢ ¢((X\{x})UB,) Therefore, by (ii), there is a finite set F, C 4
such that x € ¢((X\{x}) U A\F )). By (i), ¢(X)N A is finite, and so the set
A = A\(p(X)UU{F, : x € X}) is 1nﬁn1te. But this is a contradiction since
{y}UX € [w]k“ and is g-independent for y € 4, . It follows that ind(¢p") < k
and so by the induction hypothesis ¢’ has a cardinal representation %/’ with
|&7'| < k . The result now follows from Theorem 2.8 since %' U{A4} is a weak
cardinal representation of ¢. O

By a similar argument to the one above we can also prove the following
theorem.

Theorem 10.2. Let n < w and suppose that ¢ is a preclosure on w such that
DEP(p) = {X € [w]~” : X is ¢-dependent} n-blocks w. Then ¢ has a cardinal
representation {F}U %/ , with F finite and |¥|<n.

Note that, if ¢ is a preclosure on @ such that ind(¢) = k < w, then
DEP(¢) 2 []"' and so DEP(p) (k + 1)-blocks w. Therefore, by Theorem
10.2, it follows that ¢ has a cardinal representation of the form {F}U% , with
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F finite and |&/| < k. This is slightly weaker than the conclusion of Theorem
2.7, but the hypothesis of Theorem 10.2 is also weaker.
In order to prove Theorem 10.2, we first establish a simple lemma.

Lemma 10.3. Let n < w; &, . Clw]”. If & (n+ 1)-blocks w, F C w is
finite, and ' 2 {X € [0]" : & — X 1-blocks w}, then ' n-blocks w .

Proof. For n = 0 this is clear. Let n > 0 and use induction. For all but
finitely many x € w we have that ¥ — {x} n-blocks w, ¥ —{x} D {X €
[\(FU{x})]""": (¥ —-{x})= X l-blocks w} andso ¥ —{x} (n—1)-blocks
w. Hence &' n-blocks w. O

Proof of Theorem 10.2. By Theorem 2.8 it will be enough to show that ¢ has
a weak cardinal representation of the kind described. Since a ¢-dependent set
contains at least two elements (since ¢(J) = &), the cases n =0 and n =1
of the theorem are vacuous. We assume »n > 2.

The result is obvious if ¢(X) = w for some finite set X . Thus we may
assume that ¢(X) # o for X € [w]°® and hence there is an infinite set 4 C w
such that (i) and (ii) of Lemma 10.1 hold.

If n = 2, the hypothesis implies that there is a finite set F such that
DEP(¢) — {x} 1-blocks w for all x € w\F . Therefore, for each x € w\F,
there is a finite set F, such that {x, y} € DEP(p) for every y € w\F, . Let
B € [A]”. If x € w\F , there is some y € B\(F Up({x})), and so x € ¢({y}).
This shows that ¢(B) 2 w\F . It follows that {F, A} is a weak cardinal rep-
resentation of ¢ as required. Now assume that #» > 2 and use induction on
n.

As in the proof of Theorem 2.7, we define a closure ¢’ on @ by setting
0'(Y) = N{e(Y UB) : B € [4]°} for @ # Y C w. We claim that DEP(p’)
(n—1)-blocks w. By Lemma 10.3, to prove the claim it will be enough to show
that DEP(¢’) D {X € [w]"™' : DEP(p) — X 1-blocks w}. Suppose X € [w]""'
and that DEP(¢) — X 1-blocks w. Then, for all but finitely many y € w,
{y} € DEP(p) — X, so that X U {y} is p-dependent. If X is ¢'-independent,
then by the same argument that was used in the proof of Theorem 2.7, it follows
that X U {y} is g-independent for all but finitely many elements y € 4. But
this is a contradiction, and so X € DEP(¢’) and the claim is proved.

By the induction hypothesis ¢’ has a cardinal representation of the form
& ={F}UF, with |Z| <n-1. Then & = . U{A4} is a weak cardinal
representation of ¢ . O

11. NEGATIVE RESULTS

Theorem 11.1 shows that the condition that ¢ be algebraic is needed for
Theorem 2.6. It also justifies our earlier remark that nothing can be said about
the size of the cardinal representation of a closure, ¢, on w with ind(¢) < w
whose existence is guaranteed by Theorem 2.5.
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Theorem 11.1. There is a T,-topology on w such that, denoting by ¢(X) the
closure of X in this topology, we have:

(i) @ has no infinite independent set,
(i) @ has no countable cardinal representation (and hence no finite weak
cardinal representation);
(ii1) it is consistent that 2% s arbitrarily large and that ¢ has no cardinal
representation of size less than 2™

Proof. Let % C [w]” be an infinite maximal almost disjoint (mad) family
(ie, |[ANB| < w for A,B € ¥ and 4 # B; and whenever X € [w]®,
X NS is infinite for some S € ). Let & = {0} U{FUUZ : F € [0]**,
F € [#I"°}. Note that [w]** €%, w e Z,and % is closed under finite
unions and arbitrary intersections. Thus Z is the family of all closed subsets
for a T,-topology on w. Let p(X)={K: X CKeZ} (XCw). If X is
any infinite subset of w, then there is S € % such that |[X N.S| = @ and, for
x € XnS, wehave p(XNS\{x}) =S . Thus, there is no infinite g-independent
set (and so the topology is not 7, since there is no infinite discrete subspace).

To prove (ii) we show that, for any countable set & C P (w), either (a)
there is X C & such that ¢(X) # w and |[X N 4| = |4] (VA € &), or
) p(UF\4) = w forsome 4 € /. Let ¥ ={SeF:|SnU¥| =
w}. Then | ¥'| # w by the assumed maximality of *. If |#’| < w, then
F = U&\U.¥" is finite, and (a) holds with X = J& since o(J&) =
FulU¥ # w. Therefore, we may assume that |#'| > w. If, for some
SeS, |AnS| = |A4]| forevery 4 € &, then p(SNUK) =S # w and
again (a) holds. Therefore, for each S € ., we may assume that there is
some A(S) € & such that SN A(S) is finite. There is %" € [¥']“ such that
A(S) = A forevery S € " . Since SN(J.\4) is infinite for every S € ",
it follows that ¢(|J % \A4) = w and (b) holds.

The proof of (iii) is similar. We use the known fact (K. R. Milliken, Theorem
2.2 of [7]), that the following statements .#, and .#, are equivalent, and that
M, is consistent with an arbitrarily large choice for 2%,

M, : there is an infinite mad family &~ C [w]? such that for each X € [w]”,
EITHER (i) X Cc Y%’ for some ¥ € [#1°°,
OR (i) {SNX : S € #}| = 2%.

M, : There is an infinite mad family &~ C [w]® such that, for each X € [w]”,
EITHER (a) X |5 for some &' € [#]°,
OR (b) S C X for some S € .

Thus we may assume that the mad family & satisfies .#, . In this case, if
& C P(w) and |¥| < 2% and if % is defined as in the proof of (ii), then
either &' is finite or || = 2% . The argument continues exactly as in the
proof of (ii). O

Our next example (Theorem 11.2) shows that the condition that ¢ have no
infinite independent set is essential for Theorems 2.5 and 2.6.
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Theorem 11.2. There is a closure of character 3 on @ (which has infinite inde-
pendent sets) which has no cardinal representation (and therefore has no finite
weak cardinal representation).

Proof. Let P, = {2n,2n+ 1} (n < w). For X C w, define ¢(X) = X U
U{P,: P,NX # O and P, C X for some m > n}. Then ¢ is a closure of
character 3. Suppose for contradiction that &/ is a cardinal representation for
¢. Then Y& NP, # J forevery n <w and P, C|J& for infinitely many
n. Choose n < w so that P, C |J& . Since ¢(J¥\P,) # w, it follows that
AN (U&\P,)| < |4| for some A € &/ . Therefore, 4 is finite and there is
xeP NA#3. Now o(U&\{x}) = w, but [(UL\{x})NA4| <]|A4], and this
contradicts the assumption that &/ 1is a cardinal representation. 0O

As we already remarked (Problem 2), we do not know if there is a closure of
character two which has no cardinal representation.
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